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REPORT 1131

DEFLECTION AND STRESS ANALYSIS OF THIN SOLID WINGS OF ARBITRARY PLAN FORM
WITH PARTICULAR REFERENCE TO DELTA WINGS 1

BY MAN~UEL STEIN, J, EDWARD ANDERSON, and Joux 1I. IfEnc;El'Eru

SUMMARY .simultaneous ordinary differential-equations for the Spanwmiso

The structural analysis of arbitrary solid cantilever wings by varitiiois of thie bendiigdeflection and ~twvist. In referellce-7
srnall-deflection thin-plate theory i~s reduced to the solution, of the same ordinary dlifferential equations airc obtained in it
linear ordinary differential equations by the assumnption that different manner. Refinenment of the analysis by inclusion 4
the-chordwise deflections at any spanwise station may be e of the effect. of parabolic, cubic_ orhigher-ordlcr chordiwise
pressed in the form of a power series in which the coefficients are camber terms is indIicated in refercnce 0, and as the order, of
functions of lte spanwise coordinate. If he series is linmited to refinemnent is increased a corresponding increase in the nuin-
the first two and three terms (that is, if lino'am and parabolic lier of ordinary dlifferential equations is-otaiiiecl.
chordwise deft ections, respectively, aire assuniedb, the differential InI the p~resent reiport, which. is an extension of reference 0,
equations -for -the coefflcients are solved exractitr for uniformnly a genleral set of ordinlary differential equlationls is-presented 0
loaded solid delta wings of constant thickness an~i of symmetrical whichi may be used to obtain any desired-dlegree of approxi-
double-wedge airfoil section' with constant thicknesi ratio. For ... ation to the dleflection of thec-plr.te. These equations are
cases for which. exact solutions to the ditJemeatial eqratioym solved exactly for several cases of delta-plates under uniform
cannot be obtained, a numerical procedure is derived. Axpi'ri. load first by-considering linear cliordwise deoformlation only
mental deflection and stress data for constant-thickness deli- amdscn y includinlg the effect of p~arabolic chiordwise
plate specimnens- of 45' and 6 0' sweep are presented and art camber. Comparisons are dIrawn between the- stresses and 0
fotmd-to compare farorably with the present theory. deflections computed from the equations of each. aplproxi-

nation and~ also withi-some experimental reults.
= INTRODUCTION 'Vie -differenltial equations presented conltain coefficienlts

One of thle psresenlt trendls in the dIevelopmnt of lugl-sIecd that, depend on tile plan form and stiffness distribution of the
airp~lanes andl missiles is towalrd tie use of thin iow-aisiect- plate amnd on tile loadling. InI tliis-report, the pslates con-
ratio win~gs. '[le strulctulral anailysis of tllese wings often sidered in dletail have coefficients-such that the differential 0
cannot be- based omi beam tlleorv sin1ce the structural (lefor- equations can be solvegl-exactl.N , Ilowever, in cases for whichl
inatiolls may vary conlsidlerab~ly from those of a beani and, exact solutionls cannlot be -obtained -a numerical p~rocedure
indeed, may mlore closely apjlroach those of a plate, IIIn ust be used. One such proccedure is derived find its
cases-whiere tile wing con~structionl is solid or mnearly solid the accuracy is dlemnstrated.
use-of pllate tlieory ill thle amnalysis is particularly validl, andl SYMBOLS
it-is thlis type of wing wbliel is conlsidered ill tile piresenit
replort. I lemgtli of p~late mlleasmredl perp~endicullar to root

Exact-solutiomls to tile iiartial-miferential equationl of pilate c rbmot, chord of-plate
theory are not reaidily obtainled, especially for pilates of P lateral load per unit area, -piositive ill z-
arbitrary slbape amnd loading; llowever, a numnber of approxi- dlirctionl
nate, solutions to specific problems 0o1 cantilever plates hanve t local thickness of plate

appieare ill thme literature (see, for exampllle, refs. I to 7). tat average thickness of -plate0
Of--tie lpproaclies used ill thlese references, 01113 the one iii D local flexural stiffness, Ell
references 0 amnd 7 is readily- applicable to plates of arbitrary 2 (I-pi
plan forin, tllickmless distribution, and load distribution; tllus Di flexaral-stiffmless basced onl average thlicknless,
it is tle -most, useful one for thme analysis of actual winlgs. 'E't0,

3

InI reference 0 tile cantilever-plate problem is simplified by 12(1 -p')
Cu essunmmption-fthat tile. deformations of tile plate in theo E modulus of elasticity-of mmaterial -

ellordwise direction (parallel to the root) are lineair. By y Poisson's ratio
minimmizing the potential energy of tile plate, thme partial- w (deflectionl of-plate'-positivc inl z-dlirection
dlifferential- equation of plate thecory is replaced by two x, y, z coordinates defi ned-in -figure -1

I supersedes NACA TV 2i2, "Deikloln and Stress Analysis of Thin Solid Wigs of Arbitrary Plan Forms with I-articular Reference to Delt WingV by ManoiStcin, J. Edward
Anderson, and John M. tledireiecih, 19W3.
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Y aand 7) includes linear chordwiso deflections, anal tile caise for
N=2 takes into account paraibolic chordwiso curvature.
Although for maost~ practical parolemas thle solution by the
parabolic theory should be adequate, cases riight exist ill

... ~c~x)y which cubic, quartic, or even higher-order chordwiso termns
should1 be includled, (ieiaeladilg Oil thle conlvergence of thle
series for the configuration conasidIeredl.

rbho particular equations for XN-I -and NT-" aire usedl to
I ~ ~ deternea thle (deflections anal streses of thle following call-

tilover plates subjected to unaiforma lateral loadI:
I (1) .A45* dlelta plate of uniform thickness

-~~ (2) A 000 (delta plato of uaniforma thickness
z(3) A 450 (elta plate of symmaaetrical (loable-wedlge airfoil

y~c~tr)<~section with conistant thaickness ratio
F'ortuaately, for these conafigurations, the solution canl be

Fiauity 1.-Coordinate rystein aased lax the paresent analysis (or a ati- carried out exactly by baoth thc lianear aaad pairablic theories,
- mid the details C.f thaese exalct. solutions are included illleverr plate of arbitrary shape m~iat arbitrary tlmlcknm variationa. aippendix B. lax geaneral, haowever, exact solutionas caninot

fuanctioan of x, coefficieant in power series for be obtaianed aaad sotlnicaumerical amethod aaust be used.
Omac such- maethaod, based oin replacinag- derivatives by their

deflectioan IV= Fj.Z first-rder-approxiaaation dlifferenace forams, is dlerivedh ia
N-0 ppenldix 0C.

ca(.r), ci~x) funetioans defianing plsan form (see fig. 1) A summaary of thle results for the three particular problemas
is shaown -in figures 2 to 11. flectionas obtaiaied by the

TIvariable obtainaed by transformnation - .0~ a

Orr o', norals stresses I _
Tyshear stress j --

u ~aximuaalm parincipal stressI

Xaspect-ratio parsaneter, ( i /
r-V 1.0

RESULTS X0

Trla derivation of, the genecrail set of -ordiaarv dlifferential
equationas is given in aippenidix A. T1'le genieral procedureI
outlinxed iia refcreaace 6 is followed; thaat is, tic dleflectiona 8 0___
of thle plate v is expanided into it pow~er series in y tile chaord- 0
wise coordinate with. coeflicienits wbhich are funcetionas of z o Experiment
thec spaaxwiso coordiato (see fig. 1) .8P 0- O L~iner.}m

po1
4  C-Naoi)Ter

* +~o~(xY~' (1) 03 ~
Eqjuatioa (1) is substituted into thle expression for the 1)0- 0
teaxtial enaergy of the plate-load comibinaationi -which is in
tura i niaaiaazed by thme calculus of vairiatioaas with respect 0
to each of the coefficients p.. TIhle results of the vairiational
p~rocedlure appeae ats Nr+F1 simnultanaeous (differenatial ecpaa-
tions with the coefficienats jo as unkniownis.

By taking a-suficicit, numiber of teraaas in tile expansion -

of wo, thle resulting-differeaatial equations can be umsedl to oh-
tain any desired! degree of accuracy in the solution for tlae.
deflections of aaiy given cantilever plate subjected to an-
arbitrary lateral lend1. -l aot atrspraps, tire the 0 . 6 8 1
particular -cases -for AT=1 and N=2, whaich are obtainaed
from the genxeral set of equationas and are simaplified ii Fioiux-2.-Delectioas of a,15' delta plate of aaaiforaa thickness,
applenadix A. Thec case for N-i (also derived in refs. 6 umaiforma load. ---
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linear theory and the p~arabolic theory for thie three conl- aire desired, hioune~er, the parabolic tlieur3 must be used
figurations arc-compared in figures 2, 3, and 4. Stresses because the error in the-angle of attack ats computed by the
obtained by the linecar thecoryv and the parabolic theory linear theory is as mnuch as 30 percent (see figs. 2 and 3).
for thle thrce configurations are compared -in figures 5, 6, Tile appreciable aiiticlastil; curvature, miidenced 1).3 the
and 7. Whelire available, experimental deflections and expei *inental results of figures 2 and 3, many be important
stresses aire also sloio~ in these figures. 'rhe details of thle acerod3 nainicall ' and is, of vourse, niu taken into accounit by
p~rocedure used to ob~tain thle experimental dleflections of thle linear theor.
the 450 and 600 uniformn-thickniess p~lates and thle experi- The c-alpparclit coni rgenice of the aforementioned series
ifiental stresses in the 450 uniformn-thickness plate aire conl- in thle case of the double-is edge-sectioni plate (see fig. 4)
taineil in appenidix D, whereas the eNperiimental root stresses imuplies that tile linear thieor,% is aidequate foi this case. Thie
for the 60' uniform-thickniess plate were obtained fromi lack of chiord(Nise cunature in the result obtained b3 the
reference 8. Figures 8 to 11 present thle comparison be- parabolic tlieor3% is attributable to thle fact that the natuiral
tween deflections and stresses computed fromn the exact tendenci. of tie plate to laii' e antielastieeurd atulre is canceled
solutions of the differential equations-and those vomnputed bN like opposite teideime of tile thin edges to bund doit
from tile numerical solutions of thesame equations. uder tike loud. Untfortunatel.N, no experimental results

aire available for this conlfigu ra tion.
DISCUSSION ft figure 4 thie plate -stiffniess 7.) in the nonlimiensional

Thie results-shown in figures 2 and(13 -uudiciite that, wiith parameter uted/ut isz the local valuie of D) at at pointwhere
regaird to (lellectiolis, either the linear theory or the parabolic -tile thickness is equal to -tile average thickness of -thle plate
theory is adequate for the case of at constantthicknesdla a woe hstereut ffgr 4aecmaal
plate subjected to a uniformn load, the comparison bteing sete with' thle results of figure 2 onl anl equal-weight-basis. 14
what better for the 600 plate thani for the 450 plate. If canl Ie seen that thie deflections of the double-wedge-sectionl,
accurate slopes-in thle chiordwise direction (angle of attack) colistait-tliiekiiess-ruitio plate iire everywhere less than
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those-of thie uniformn-thickness plateW although thec increase uifori-thickniess plaite inl figure 5 onl an o at-weight
rap~idly near thle tip. rhis curhing-up or singularity- inl slope basis. As ean be expected, the (louble-wetig4e-sectioii,
at thle tip is a result of using a simall-dellectionl theory anld constanit-thickniess-ratio pllate. is a1 better dlesigni stiucturallll
pirobably would not be so mnarkedl in anl actual case. tile stres, is tin tile double-wedge-section1 plate are everywhere

Tue stress results for the 45" and 600 uniforni-thickness smaller anl are almost conistanit ill thle spanwise direction.
delta p~lates indlicate that both the linear and the, p)arab~olic Th'le theoretical results inl figures 2 to 7 have b~een obitained
theories are adeqtuate and that the p~arabolic tlieor3 is b~etter from exact. solutions of the diffre(ntial equations of the
than ithieliniear theory only neaitl' theoot. It should he noted hlnear anld parabolic theories. Inl order to test~ the reltabilit-3
that, although the mnaxiimum principal stress over at large of the numerical mnethod derived -u appentlix-C, the differ-
p~art of thle 450 plate is plottedl in figure 5, onhtIm le stresses ential equations were also solved numuericalh. 'rte results

normal to tile root along the line 1=0 0087 of *tile 600 pdate shown inl figurcs-8 and 9 indicate that tile agreemlent. is goodl
I ' between the numerical solution inl which five equal intervals

are-plot telliin figure 6 since onl3 these stresses arc gi~ en ti were used and the exact, solution of the differential equations
reference 8. (Thei-mnaxinnunii p~rincip~al stress and thme stress for tike case of thme 45' uniforin-thickniess plate. tme same
normial to the root are tlieoreticahll -equal at the root since good agreement, cali lbe expected tin other cases ulhere tile
tile root. shear stress is zero.) thickness and load distributions are not too erra tie aind where

Experimental data tire lacking for the double-wedge-section tile plate stiffness thoi~s not go to z.ero ait the tip) that, is,
delta plate and, therefore, only theoretical stresses are shown when no singularities appear at thie tip.
in figure 7. As inl the ease of deflections, the results obtained
from -the linear theory and those obtained fromn the p~arabolic 2A~- -- ---- --

theory are almost-coincident, the-difference being greatest
ntear the root. Figure 7 has iilso been plotted so that tile
results are directly comparable -with those for the 450

20'0

0 1- 
,.

0 X 1 Experimnta

UneoZ,,)Teoqy 12 --

1.2 Nor2

- 0

00 Experiment (fef 8) \\

-Ao Theory
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00

. 4 .6 .8 1.0 .2y4A/c8 L

Duca 5 'Iaxiuun rincpalstresses Iii a 4.10 delta plate of uniforim Finuar tI.-Nortiial-stresAs distribution near the root t0008)o
thickness under runiforni load, a 6O" delta plate of uniforin thickness under uniformn load.
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Since the efficacy of the numecrical-method depends onl capable of yielding arbitrarily- accurate results for anly con.-
how well parabolic arcs fit tile various functions between figuration. It is secn tliat, for the examples considcred,
stations, serious error call result front blind application. Ani only-the first two or threc termis in the series expansion nccd
example of the seriousness of these errors and of tile manner be -considercd to obtain adequate accuracy. In addition,
in which they ca ermde ssoni iue 0ad1. for- most practical plate-like wings with clamped roots thle
Inl these figures- a comparison is mnade between exact and first two or three termis u ill probably he adequate, although
numerical results obtained on thle 450 double-wedge-scction, problems may exist wherein more termis tire neecded.
constant-tliickness-ratio plate. As canl be expected, the Thle numerical procedlure, derived for application inl cases
Eg.e-station numerical solution fails to follow- tie exact solii- where exact solutions cannot be obtained, gives good agree-
tion in the netgbborliood of thie singularity at thle tip. Since mnent when compared %%ith exact solutions if enough stations
thre region of trouble is localized at thle tip, a reasonable are taken along the span, TPhe necessary' number of stations
remedy would be to decrease the spacing of the station points is dlependent oil the type of thickness and loading dlistribution
near thle tip. This decrease in spacing may-be accomplished considered, five eqlually spaced stations being enough for
either by using a greater number of equally spaced stations the uniforni-thickness delta wing subjected to uniform
or by using unequally spaced stations crowded near thle tip. loading and tenl being necessary for the double-wedge-sect ion,
The increase in accuracy obtaiined by increasing thle number constant-thickniess-ratio delta wing subjected to unifornm
of equally spaced station points to ten is shiownt in figures loading.
10 and 11.

CONCLUDING REMARKS

Trile general method presentted herein for findinig (leflee- LANGLEY AIMoNAUTICAl. LJABORATORY,
tions andl stresses of solid or nearly solid wings is, in principle, NATIoNAl. ADVISORY Commirmi; FOil AERtONAUTICS,

IANimy PIILD, VA., Nroveeber SO, 1951.
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-1 - .07

-L I
.05 - ,

.a N l ,04 .. J- Exact o 5- stion $oluti ' I
- " I.sttion solu in,) u~ j° /

_____ _ID3_Exoct //

0 2 .4 .6 .8 1 0 4

Fiouma 9.-Numerical and exact. qolutions of the differential equations .__--'_ __-9-='_ "__
(obtained by assumin|ig linear chordw[jsa deflectlons) for the naimu
principal stres along the free edges of a 45* della'plate of uniform
thickness under uniform load.

".01.0 2 .4 .6 " 8 IA

c/I
Fiouue, lO.-Nunerical and exact solutions of the differential equations

(obtained by assuming linear cliordw e-deflections) for the (eilcc-
tlions along the free edges of a 150 delta plate of symmetrical double-
, edge airfoil section and constant thickness ratio undLer uniform load

0
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2.0

a 5- station otion) Nurnercol
v1 10 lOstation- solution

-- E-oct

1--

XI _f_
For II-Numrical-ard miad ,olkitlons of theo differential equa-

loi(obtained by-asuriing linear cliordalue deflections) for thre

toaxinnim pritwipal-stc.i along thet line Y=S(I-f of a .15- dclta

paoof- symmetrical double.-imige airfoil section and Constant
tlmickim ratio under uniform lead.

APPENDIX- A
DERIVATION- OF DIFFERENTIAL EQUATIONS

Th'Ie structure considered herein is at thin, elastic, isotrop~ic, General equations. -The potential energy of tho system
cantilever plate of arbitrany p~lanl formt mnd slowly varyinlg under conIsidlerationl is
thickness subeted to dlistrib~uted lateral load (see-fig. I). I@~, Ittt )
fly assutnilm that the deflection of thle plate catt-hc-repre- T'otcliild ont!~ ~ { [~~ + -~ +
sentoti by at powter series iii the chorclwise coordin~ate and o.c() 2 ~ -!

bsy applying the pnnlunptl~ilelrylrin~ciple, a-set Wil/t 11
of ordinary difreri'tial eqluations in, thec span Wise coordinate 2p + 2(1 - 1) G Y)] pAx~t dii dx (Al1)
is obtained front which thle coefficients of the -power-seriesj
may be determined. Mirst the general sot of equatioll0 s ill~ which
derived; thent thie particular equlations for the eases of-linear Dx 21-
cltordwjse deflections ahid p~arabolic chordwiso ded ions-aro
deduced front the general set aind simplified, and p~x,?I) is the distributed[ lateral load.

2663O-9-2
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The assumption is made that the delleetion to cal be represented by the power series

W= v .(Z),j (A2)

Substitution of this expression for tw into equation (AI) gives

Potential energy=J dx{ o (Cm '+i€'t"9""+it, (,- (,-1)a.!...3, .+

in which

,,J D(X,Y)Y'-dy (r= 1,2 ,... 2N+ )
P,= ,,(,Y )Y ,, (r 1,., . ,,1 ..,4

and the prines denote differentiation with respect, to x.
Minimization of the potenttial energy by means of tihe calculus of variations gives

6(Potential energy)-O

I yL

dx t 1(,+.4 (i,,.4 . d) n (- 1) (,n-m,+.( ,6 + ,)

Integrating by parts and collecting terms-results in

-O.=Jdrz (. [(a +R+tI')"+pm m-I) (O,+n-.ip,)"-2(1 -p) itn ((t . p, (it-)a,..n-."+

0 n-0 -9 '

pin in- ) ( +. ,,.)'-2 (I '- ) ,a,,. .. , '

Everywhere in the region of the plate, except at tie boundar% x=O, the variation of to is arbitrary. At x=0 the
cantilever boundary conditions

Iw)--Lw0

yield
yd(O),.'(O)=O (n=0, I .... N) (A C)

and therefore the variation in these quantities must also be zero at x=O.
Equation-(A) is then satisfied if, in addition to equation (A),

1aa~n-)(--)a~+~.Whl=0 p+I (i=, I .... N) (AT)

>-([*, t +, ,."+prfl (l- )U tI+4.W9,]z----- (n----0 1, .... N) (AS)

andl

r0 [(a, .+4  )'+pm(m-1)(a ,+._tp,)'-2(J - (a=0,1, . N) (AO)

Equations (A7) forna set of N+ I simultaneous ordinary differential equations for the functions (,(x). The funetons ll
are completely determined by theso differential equations and the boundary conditions (AD), (A8), and (A9).
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Particular case of linear chordwise deflections.-If lettingN=2 in the general powerseries (eq. (A2)). If N-2,
N= I, the deflection function becomes te dellectio function becomes

v=vo+yv, (iO) IV = vo + Y9, +t

a linear function in the chordwise direction, where go is the Here jp represents the spanwise distribution of Iarabolic
bending dellection and 9, is the twist. E(uations (A7) elordwise camber. l or this case tile differential equations
become (A) beeome

((tif()"- (12 02)")I = (All) (a " + (a")'+ 2 )-u 2 )"- (A23)

The root, boundary conditions, given by equation (A6), 2(1 -p)l(aia,')'+ 2 (a2')']=p2 (A24)
b (O) = s'(0)=,p)=(0 '(O)= =(0 (A 15) II") ' + ((4 1')" + (a')# +'2p[a I v'," +121 +'03:+

The tip boundary conditiovs, given by equations (AS) ai ( (A25)
(AO), become with-the boundary conditions

(AI4) qo(o) = j'(o(0) = , '(0) = l (0) = p (o)-)o (A26)
( ,"-- "), . 0 (AI) (a(q0o"+a2,p" +aVj" + 2patp,),.j=O (A27)

[( l'b ) + (~ l )'] .I---0 (A I6) (a 2VV + ao' j1+ a ip" + 2 ,ual 2 ) . - O (A 28)

[1 O " )'+ ( 039" Y - 2 ( Il- /0 ao 19 ] . = 0 (A F 7) (a , " + (z i l + a o" + 2o , , I = 0( A 9

Equations (Al 1)-to (A17 are the differential equations alld [(Ijo")'+ (a~vl)'+ (asq")'- 2p((Iev) O (A30)
corresponding -boundary conditions presented in reference
6 (if only distributed load is considered) -where the symbols +(io")'+(apj)'+ (aV")'I+2(a2pj})-
WF and 0 are used instead of and , respectively.

If equation (All) is integrated twice and the boundary 2(l-z)(amil'+2e:'))ha=O (A31)
conditions (A14) and (AI6) are used,

S+- ' (AI18) 4(1-p)(a2,p'+2aa3),.=0 (A32)

If -equation (A23) is integrated twice and tile boundary
Substitution of v " into equations (A12), (A1), and (A17) conditions (A27) and (A30) are used,

gives (adfgf , (A 1 II p, dx' (A33)

(A20) Substitution of p" into the-remaining (ifferential equations
andbounldary conlitions results in

in which

-- .=P-( ,1 J l1 dz2)" (A34)

If equation (AI9) is integrated once and tile boundary (b2 1")"-1 (b2p")"-4(I-)(a2,pi')'4 2(a3 2')'j+4(1- p)azlV
condition (A21)-is used, I

__p32p J pi dir _03 r (1), (A35i)
2(1-j~ap,' - p)d-(!J fp. ' (A22)

\Iz.Ig (bisoz"+b2,2)XI=O (A36)

The (lift eienalcqtation (,22) is at secondi-order iierential \abiJp')'t tA37)
equation in ipl'. Tile twist pz and then the bending deflection
V are obtained-by solving equations (A22) and (AIS), respec- (bI'+b2 ) I=O (A38)
tively, by applying the boundary conditions (A13) and (A20). (b2 ")'+ )'4-(1 -)(1 02V' + 2 23,/') ,0 (A39)

Particular case of parabolic chordwise- deflections.-He
effect of parabolic elordwise camber may be included by (0 (0) 0 (A40)

S,
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in which Stresses.-After the approximate deflection of the plate
b, is determined from equations (AI8) and (A22) or from equa-= ,3  tions (A33), (A35), and (A41), the extreme-fiber stresses may

be calculated from the well-known equations of thin-plate
theory, which are (see, for example, ref. 9):

bD (0 6D/f t '

If equation (A34) is integrated and the boundary condition 6D /62w. rt\v
(A37) is used, -i6 -P ) . 0

-fzp dx - ( P.fa f rz dx') (A4 1) The maximum )rincipal stress a aL any point in the plate

Thus , and vj are obtained by solving equations (A35) and can be determined from
(A4 1)-with the boundary conditions (A36), (A38), (A39), and
(A40). Subsequently, go can be obtained by solving-equa- 1 W)': F41
tion (A33) with the boundary conditions €o(0)=v'(0)=0. -

0

0

0

S

9-



APPENDIX _B
EXACT SOLUTIONS OF DIFFERENTIAL EQUATIONS FOR- SOMNE SPECIFIC DELTA-PLATE PROBLEMS

The differential equations of appendix A for linear and chordwisc deflections result:
parabolic chordwise deflections are solved exactly for ufli- (x

3 'VA)'l0)62 x t,- 2 Yj_ 1
forinly loaded~ delta p~lates of constant; thickness and of syi- C(132)

mectrical (louble-wedge airfoil section with constant thickness
ratio. The equations for (deflections obtained by tho linear +""- C' (B13)
theory-are presented in termis of the asIpeet-ratio-paramecter
X for-both kindir of delta plates. The equations for deflec- hr
tiw.s- obtained 1y the parabolic theory are presented for

I and 13with A=! for the conatant.tliickness delta: plate
C 3 ~ 3 The bouindary conditions to be Used with these equations are

and for != 1, also with y=lp for the delta plato of syinmet- obtained from equations (A13) and (A20) and arc

rical double-wedge airfoil section -with constant thickness (114)
ratio.

If the x-axis is passed through the edlge perpendicular to (Xi"Pl")"-0=O (135)

the root and the substitution x=1 -7 is mnade, the differen- The general solution of equation-(112) is

tia] equations are clearly of the homogeneous type for-which X12pz
the solutions arc of the formn xi'v, wherey is a constant.. For PI=liI 1 +kr -(,-X DC (110)
the configurations considleredl, the -functions that. (lefine thle where
plan form (see fig. 1) are then ci@x)=O and c2(x)=cxl, where c Y=,14_ 6,
is the root Chord. In all the equations of this appendix the
primies (lenoto differentiation with respect to the new indlc- And A,' and A2 tire arbitrar3 constants. Since V~is inherently
pendlent, variable a-, positive, the boundaryv condition- (136) requires that A2=0.

DELTA- PLATE OF UNIFORM THICKNESS UNDER UNIFORM LOAD) One-integration of equation (116) and the application of the

Since the stiffness-D is a constant for uniformn-thickness cniin ,I=,()0yed
plates, the coefficients in the differential equations- (see eq.(17
(A4)) become -W) 7- De 1 17

a.=-C XI" (Bl111) If equation (113) is solved for Vb with the conditions
,p(I)=a'(1)=O, the result is

bla-_=0_X3(i)P1 4  1 -~ -2 *1 x

IYI 12 ^f ( ,Y+I S()

(tal4DO(B 1(1) Substitution of equations (137) and (B18) into the eqluation

P.= XI(BIC gies te epresionfor thie dlei~on-wI of teplateune
thie assumnption of linear chordwise-deflections.

Solution for lnear ehordwise deflections-If the co- Solution for parabolic chordwise deflections.-If the co-
efficients given b) equations (B 1) are substituted into equa- eticients given by-equations (B11) are substituted into equa-
Gs(11212) W ill kALIO) al the U I i)epend~ent, arjilbi is tlin(I~ (A35, 14111 kA lt-fi nueiei ra

chianged to X=I- the following equations for linear is again changed to xi I - jthe folloning equations for
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parabolic chordwise deflections result: The general solution is tile sui of tile homogeneous solu-
lc+ X13 tions and the particular integral

(B9) ,'= " - +Ax1
2

16

64.X4 t+1 - 1 4).: [7+ -2'X p l X3-)

T I 1lwhere tile values y. are the six roots of tie characteristic S
- (BI 1) equation (1116) and the coefficients A.and B. are the co-

ellicients corresponding to each of these roots. After into-

The boundary conditions to be used with these equations tire gration p, becomes
(B 1)Z;a. A X,._ (1318)

(1313) The general solution for V from equation (1II) is found

(x ,, 16 ( to be("11911+L x cip 0n~=0 (BI14)
ipo: C ,,i~r', -l-G+C, '+ (#Xl-+., (1319)

15 \l1l 10)Ii-0 whlec,-for n= 1, 2, . 6, 0
(135)

'rTe hiomogeneous solutions of thle simultaneous equations c. 2) {y I'

_.(Zy + 1) .2 311.~

(119)-and (BI0) are of the form2
and

v2=Bxl*,
- I  1f' -'2 [ t .3- 1/h - 1D

Substitution of these expressions into-the homogeneous parts The coeflicients A1 to As, A,, ,, and 0, must be determined
of equations (119)-and- (310) leads to-the following-charac- by the-bouidtrv conditions (1312) to (1115).
teristic equation from which X may- be determined: -A complete set of coefficients is given in (lie following table

for delta plates with Poisson's ratio g equal to 1/3 and with •
1f86(t+I6)x)7l+[320 ( 4 +'IA) X1+480X2+9, 1 -

(- =p=1- and --. Dellection curves plotted from these

41280 __-__04+ _ _- X'--96X'+l =0 results-are shown in figures 2 and 3 in which the 450 plate2 - + ( -- ) -
corresponds to -= I and the 60* plate corresponds to -1 ".(1316) c3

and gives the following relationship between el and B: -

The particular solutions for uniform-loading are given-by j:I i
Ij2.7031 11 a737 &XJ 1 -1)3M2 -0Aozz -0.0231 -0003~2

'11 -1 1
2  

4.g-17 3,G317 02111 177, m 3 1 .13074 .01317

,-2.703 5 1.9137 -317 .0 0 0 0

_1 &341 017 0 0 0 0 3 0 0,
where ' : i

x
e .. -..- .3. o I7 . .o o2

01M7 -. M -011- I
-i X q'- 2 - -....... ... .... 0 60

2-8- '±-( 2X-I), -(8'.--!)4 , 1) D SubtLitution of equaions-(B17), (BIS), ail (119) into tlte

4p?*
2  ~equation bjoYO1 uX (2X2- )+1+4X2 pl

B,=---- 48 _+ o, I ___ (8 _ )(_ I l_
8 11 (2 X 1) X'-(8 2_ _)4_X2- 1) DO givestle expression for the (llecllion w of tile plate under ti

assunption of parabolic chordwise delection.

0
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D)ELTA P'LATE OFSYMMTHiCAL DOURLFE.WEir AIRFOIL SFrcON WITII (AIS) for linear cliordwise deflctions ilnay he solved for pl

CONSTANT TIIICKN M-4 RATIO UNDERt UNIFORM LOAD) aid p,. 'rile Steps inl tile Solution are tile Saliec in forin as
For ra delta plate of syinetrical doiible-we(Ig airfoil thoso0 for thle uniforn-thicekness plate and tile resulting

section with a constaint thickness ratio the thickness is at equations are
function of x and y and is given by thle following- equations:

(Ai ei -~~ '~i + logcxi)14 (1121)

Mhcro I4. is thle average thickness. Fronm these expressions 1 2 '~(~
for the thickness thie stiffness canl lie found and the cofi -+ I +
cients in tile differential equations become T~-

(=27DXc

27 Dc' (~+~\(X, lonJ,+IxI (1-2)
50 9- I)..-x-i (1

dl \XI D

1391M, XI where

S4= o-X Solution for parabolic chordwise defiections..-By use of
2631 X, 130 the coetlicients giveti-by equations (1320), equations (A4 I),
440-1k ( A320) and~ (A33) for parabolie chiordwise deflectionis inny be

solved for- pl, pj, and soo. Thle step~s in thle solution are
bi Tv X16iigalin thie samec in form- as 'those for tile uniform-thickness

so plate and thke resulting-general exp~ressionis for vi, P2 anid

so~ ~ are i
4 i=z Al,, --- A log, X, (1323)

;=2613DC5  -

Solution for linear chordwise defleetions.-3y use of the
coefficients giveni by ccjuations-(132), equations (A22) and ip- C x'-+Cx logt,iCxI+C, (1325)

wvhere the exponents y,. are thle root-, of-the-chiaracteristic equation

9 13(1320)

44

Y,_25 _ 44)

C4 211.
20X2

(Y.

C. ----7)---5']B.
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For uiformi load thle coefficients in Like p~articular integrals of equationts (1123), (1124), and (1125) tire

871C(2 ) +)1 24 X2+ 3 !±-X41 +_ ~4-2oou_ IOX2+1)

'2 ~ (20X'+ I) ( i+ 102 4X'+320 t 4 )k,')-1 2 0(1GX'+1)(IOX"+l)

7 1 1

2 15

twoas fr sdt rnfr h em novn h complex conjugate valuesinora fory. Tf Ian he idetit

solution is

Dc: LU [004070x,""1--0.004363x,5 -0,5 cos (2.825 log, xj)+0.000S93rx,14 sin (2).825 log, xjfl-0.000294 -

F,=- -. 003896.,' -17+0.002 134x?"' cos (2.825 log, x,) -0.000381xk' "I sin (2.825 log, xj + 0.01794 log, x, 40.00)176:]

D L

0.0333 Ixt log, xz-0.04096x1+0.04026]



APPENDIX C
NUMERICAL PROCEDURE FOR SOLVING DIFFERENTIAL EQUATIONS

In cases where the equations of thle lpresent theory cannot First, consider equation (A19) resulting fronm the-linear
be solved exactly a numerical method must be used. Ini theory
this appendix, cquations (A1D) and equations (A34) ind b4 1 )~21-)~a0i)-aI' i~ ~4

(A35) are set up in dlifference forin for mnmerical solution. 2(1 ~,
Initially thle assumlption is made that thle functions involvedIf
in the (differential cquations are continuous and nonisingular. Because of the nature of the tip) boundary conmditions for-

Il his case, first and second derivatives call 1 e e"pressed by thlis equation, it call be conveniently put in the formn
thle standard difference formis

Ox, 12where

Inli fining the difference equation eqluivalent. to equation
where eis the dlistance between equally spaced station points. (0I), the quantity (b,401 )' is founid in matrix form, from

Ini the following dlevelopnment five equally spaced~ spanl- this expression i utatdtemti qiaeto
wise stations are used; however, the extension to a dlifferent 2(1 - ,)a:40 1', the resulting expresion for 1'is multiplied by
inumber-of stations can be-readily mnade. at differentiating-matrix; and the Iproduct is i'quatedl to the

Aright-hantid side.

'le quantity (bt,401" at the half-stations can be exptressedl in-matrix forn ats follows:

-1z - 2 11
10~ -2 1 'PAO0

-0 1 -2 1 1(C2)
-oa1 -2 1

40.1 -2 1- V13

where the second subscript -denotes thle station point, thle subscrip~t at thle root station beinmg 0 and ait thle tip 8. The
root boundary conditions-are now applied; namely,

4(0)040,

Tlhus, after the values of- 40io=0 and f0mi=4,re sub.5tituted, equation (C2) becomes

4011 1- 1j 31

40o1 1 -2 1 j4013
40i~a . -2 .

1 41i 1 -2 1 Lint
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Therefore,
(bvl")o 1 ir 2 1p~

I 1,/-2 1l
(ba a")2  b2 1 -2 1 (C3)

(bp,")l b 1 -2 1 Vus

One of the tip boundary conditions is

Thus,

OI1 1")"-/

(b, 1")' ,,I =L -I 1 (b, ,")2  (C4)

The matrix equivalent for the second term of-T is
(t')t F" 1 1

(aip)mJ /01 , I1, °
2a1,00 -- 1 /uI

I(aj')7 L a,.. - I
'rherefore T becomes

16 1i -2 1
T.11 = --1 - -2 1

Tsn -1L b1 1 -2 1

2(1 a) a,.,/ -- 1 I

2,, -1 1 - 1) (C5)

a,, 2  -91 1 1 1

The right-hand-side of equation (CI) can now be equated to the derivative of equation (05) ;thus,

T 2r

' ~ ~ I "l I- 1 ' ] n

In order to obtain qs, the boundary condition
1

at x=1 must be used. In other ,words, ' goes from T9,2 at-station 4- to 0 at station 5. A straight line drawn between

-- - . . . ., , . _ . . . .. . . ...2
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these two points would have the slope - T he value of Qg is considered to be this slope; therefore,

I Tq"1 1/ - /T,,I
9"I-' -I I IIZj2

qs12 [ - 1 g1 2l

or

l '-1 -2 1 to 2

1712 1b-2 1 b--2 1S7 -1,-2, 1 bit 1-2
1 -2 1 -2 1

-1a.2 --LL-1 -2 1-

al.3 Vn -I 1 3Vz

114

L ~ ~ ~ ~ L t 92JL i

If the matrix multiplication is carried out, the difference equivalent of equation (Cl) finally becomes

gal 9113 Q.D IS(6
q l l 1

where 
"

.2bo+4b,,+b,2  -2b,-2blg bg 1
i -2b- 2  -2b, 3+4b ,2+blb -2b--2b 2 b

il=[ b 1 -- 2 b,24--2+b,4 bb4-+ hib,t
bi -2blj-2b 4  b,3+4b, 4  -2b,4

L b,, -2b,, bit j

-a,.,, 2-a,.3/ 2  al./ 1

ah,21 2  -a,,1-a-,spi al,5 tI

a,]= ,,,, -,, 5 2-- ,,, 12  
0
i,7t /

.7/2t -01,7/2-(11.0/2 a,9/2f f
aj.,92 -clJ,912.j

In order to determine vo from €,, use must be made of equation-(A18)

a, a,

or, by use of the boundary condition €o(0)=vo'(0)=0,

.J'2lvi" de2  (07)€° f'Jf ~fJ'= i xJ o a,

Ii
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Iin atrix form eqluation (07) becomes

111 11/2 1 1- 1 1-% 1 1~ 1 1 1

002 1 1 P1 1dII I I V I I~ I I I P

Vo 1e 1 1 tn LiLi

J[1 1 /- 1 (0~a~ih~2/001 1 -2 11

Thus, ifthe values of 91 (Which Call be determined nuinericiill3 or analytically according to preference and feasibility) are
known, thle Values of ip call be found bly solving equation (CO) and the values of jpo in turn by means of equation (C8).

The foregoing dlevelopinent, applies- to tlie case where only linear uhordwise dleformationis aire allowedl. A similar pro~-
cedurie is followed in expressing the differential equations pertainingz to the parabolic theory in difference form, only the
results are shown herein.

The miatrix equivalent to equations (A34) and (A35) is

qn

q2i %-,v

1 4 1'

whlere

r2b,+4b,+b.2  -2b. 1-2b. 2  b,2 1
I-2b.1- 2 b,.2 b,.1+4b.:+b.s -2b. 2-2b.3 b,~

b.2 2b.22b. b 14b.~b.4-2b-2b. b.

6.3 2b,-b., .1+4., -1).0

b., -2.4 b.

a.,112 ar.31 a.'3
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aL .

and ql and q2 are the right-hand'sides of equations (A34) and (A35), respectively; that is,

II + I dX.\

q,=pt. j jd.") •

q=i2If f a, x~~ '~id~
With ¢L and €, known, €0 can be obtained by use of equation (A33)

II1 112 1 1 1/412iF 1 1 101

iFI'LI :II I-' I V ° "141 PI'7,',
I 1 1 1j,1/2 1 ! l I I JL i l

(i 1/1-2 1 1 -

1 -2 1 V

(a,,ao, ,F, 2 (o2o
(ada 1 -2 1 1

-It should ho noted that, as canubo expeched, the-matrix n~ithu a continuous atiffiiess distribution closet3 alpproxdiiating .
equations (C6) and 0C8)are merely spiecil ades of-eqations tho disconitinous distrihutiouexeplt ini the neighborhood of

((9) and (010), 'respectively. -In addition, the square the disrontinuity. Th lt i ele ytedfeee o
matrices in equations (CO) and (09) are synmnetrue, a result tion in this case wouhl lhe those associated ith rte cointious
that is consistenU-withi the fact. that te differential equations stifftness, distribution. Trho number of bItiouis uus5 have to
under conlsideration are self-adioint, be increased, however, iin order to uinimiize the inaccuracy

hi the lhegiiing of this alppendix theaussuiil)tioinwasnmade introduced h,5 the udisconitiuity or, in other cases, by a •
that~the-fuinctiens involved in the diff'erential eqtuationis nrc sinigularity. The ease of the s~ iiiietrieal doublt-ss edge air-
continuous andi nonsingular. T1heo difference solution, how- foil section, constant-thickuiess-ra tio delta plate, dliscussed
ever, may be adequate for sonic cases in-which this assunip- in the body of this report, is cii examiiile of a treatmient of a
tion-is not strictly correct. For iiistanicc, the dcflcctioiis of sinigularity. In this case, iilthough the solution is singular,

* i plate-with a discontinuous stiffness distrihutioncould coni- adeqluate accurac is obtajined bh the differeiice solution if
ceivably be not very ditferent~ from the defietions of a plate ten equal intervals are used. B,' O

1' 2

(ad'100 2 'Ali 92 1.

+d r : _- 2 1- 9.2 .....



APPENDIX D
DEFLECTION AND STRESS EXPERIMENTS ON SOME TRIANGULAR CANTILEVER PLATES

Test speclmens.-The specimens tested were: (1) a 4i50 parameter wD11pl', inl which thke elastic constants were taken
right-triangular plate clamiped along one leg and (2) at 000 its E=- 10G 10, s n u1 It was found that thie dial-
right-triangular plate clumpiedi along the longer leg. Hach 3.X ps n
spienn, cut from 24S--T4 aluininumn-alloy shieet of 0.250- gage forces reduced the tip dieflection of the plate by ttpproxx-
inch thickness, had at length perpendicular to the clampled innately 2 p~ercenit; however, since this error is of the saine
edge of 30 inchles. order of magnitude as that inl the mnaterial properties and

Xethod of testing.-Figure 12, a photograph of the- test front other-sources, no corrections are mnade inl the results
setup), shows the methods of clamping, loading, and nmeasure- p~resented.
inentof deilections. A 1,000,000-p)ound cllainig load (heldI T1he readings of each of the 30 individual strain gages were
constanit (luring the test)-was applied to the root area of each iplotted against load, and the slope of each of thle resulting
specimen and at uniform load of 0.204 psi waii applied-by linear curves was takenitas thle average strain per unlit, load
2-inch washers giving-a tlt deflection,-ill eaicht cane of approix- of thle individual gage. The principal stresses w~ere theni
imalltely I inlch. calculated and plotted inl figure 5 inl termns of thle nondiunenl-

Thle deflections were measured by dial gages Pilaced at-thle sional p~aramleter ail/pt2.
points indicated ill figures 2 and 3. RFRNE

Stresses were obtained from thle 450 spiecimnen only. OilEERNE
this specimen, 13 resistance Vire rosette strair, gages w~ere 1. Fung, Vijan-Chieng. ThiLeretical and Experintal Effect, of Sweep
placed at the points-indicated inl figure 6. T1he plate was Upion Stress and Deflection Distribution in Aircraft Wins or

Iilgh-Sohldity. 1'art2. St ress and Deflectilon Analysis of Sweptloaded with 2-inch washers inl four increments of 0.0847 Psi lates. AF 'lit No. 5701,-1'art 2, Air Materiel Command, U. S.
p)Cr increment aknd the maxiimum tip - deflect ion was -1.13 Air Force, Feb. 1950.0
inches. Readlings of-all the strain-gages were recorded at 2. Williams, M. I-. Theoretical and Experimnental Effect or Sueep
each increment of loadinig. Upon the Stress amid Deftlection IDistribution-lik Aircraft Win gs

Analysis and discussion of datao-The deflection wo was of-11gla Solidity. Part-fl. The Plate P'roblem for a Cantilevcr
plote 1 figures 2ad3 inl termis of- the 111.iilsoil Sector of Uniform Thickness. AF it No. 5761, P'art, 6, Air

1sloted amd noidiensinal Materiel Command, U. S. Air Force, Nov. 1950.
3. Shaw, F. S.: The Approximate Deflection of Tin Flat Triangular

Cantilever 1'lateR Subjected to Uniform Normal Load. Ilep.
SM.-154, Acro. ]le. JAb. (Melbourne), June 1950.

.1. Zahiorski, A.. Miatheimatical Analykis of Cantilever H'atws. Itep.
No.-GM.-313, Northrop Aircraft, Inc., Jan. 1949.

5. Blenson, Arthur S., and Niles, Alfred S.. Blending and Torsion of a
RIhomnboidal Cantlcver Plate. Tech. Itep. No. 2, Air Forces
Contract W~33-038 Ae-16697, Gmggeniiizim Acre. Lab., Stanfordl

- -, , Umniv., Oc. 15, 1948. (Also available as AlF Tit No. 5795, P'art,
* Air-Materiel Conoad,-U. S. Air Force, May 19)50.)

* 0. Itelesner, Erie, and Stln,-IManiiel. Tor-ain and 'lrunsmersoi Reading
of Cantilever P'lates. NACA TX' 2369, 1951.

7. Sehkfireb, H., Zur Statik von dtlonen Fiogog-Tragitchen. Mitt.
Nr. 2, Inst. fir FlugzeugtAutik iind Flugzeugliso an dler H,. '1 II.,
Lecnumiun (Z/Orlch). 1950.

8. llresec, (; .: T'heoreticai amid Experimental Etfrect of Sweet)
Upon the Stress and[ Deflection Distribuion in Aircraft, Wings3
of hfigh Solidity. P'art 8. Sonme Experimental D~ata on the

= ~ ~-,.Deflection and Itoot Strc.ses In a Cantilever Tutangular N'ate
of Constant Thmickimes- With Varying Trraling Edge Sweep

- Angle. AF TIt No. 5761, P'art 8, Air Materiel Connmand, U. S.
Air Force, Nov. 1950.

FIOE 12 )clection test setup of the 45' delta plate uinder uniform 11. Timoslienko, S.. Theory of Elastic Stability. McGraw-flill Book
load. Co.,-Inc., 1930, cll. All.
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